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SCOPE 

Many processes pertinent to chemical engineering operations 
involve the physicochemical interaction of fluids with the solid 
surfaces of a porous medium. A particularly broad class is charac- 
terized by the continuous-in-time reduction of the available sur- 
face area as a result of surface chemical reactions (e.g., catalyst 
deactivation and noncatalytic gas-solid reaction processes). This 
reduction is manifested by progressively lower conversion rates 
and invariably leads to pore closure (plugging). Previous mathe- 
matical models based on parallel-pore representations (e.g., Ra- 
machandran and Smith, 1977;C!+tman and Edgar, 1983) pro- 
vide a good description of the process at the local (pore) level, but 
are inherently inadequate for the accurate prediction of the time 
rate of change of accessible surface area and volume, effective dif- 
fusivity, and ultimately conversion efficiency and pore blockage 

time. Subsequent investigations by Gavalas (1980), and Bhatia 
and Perlmutter (1980), among others, imparted considerable in- 
sight into the effects of the topology of the porous medium by uti- 
lizing random pores. 

In this paper we follow a somewhat different approach based 
on a network representation of the porous medium. By using pop- 
ulation balances and elements from percolation theory, we de- 
velop a general theory that rigorously accounts for the effect of ge- 
ometrical (e.g., pore size distribution) and topological (e.g., 
connectivity, accessibility) aspects of the porous structure on the 
evolution in time of the above quantities. The theory provides sig- 
nificant insight into the intricate effects of the pore structure on 
the performance of several such processes. 

CONCLUSIONS AND SIGNIFICANCE 

Application of the theory to computationally manageable net- 
works, such as Bethe lattices, allows for a direct and computa- 
tionally simple calculation of the pore closure time as well as the 
evolution in time of accessible surface area and volume, conver- 
sion efficiency, and effective diffusivity. The input required for 
the implementation of the model consists of the true pore size dis- 
tribution and the coordination number of the network. Closed- 
form expressions derived for the most important quantities associ- 
ated with noncatalytic gas-solid reactions, are directly applicable 
to processes globally in the kinetic control regime. A simpliied 
mathematical formulation is also developed for processes that do 
not satisfy the kinetic control limitations. This formulation con- 

tains a new representation of the effective diffusivity, pdously 
considered constant or taken to be proportional to the local pros-  
ity (Garza-Garza and Dudukovic, 1981). 

For illustration purposes, the results are compared to the pre- 
dictions obtained based on parallel-pore models of constant pore 
radius. It is shown that a proper accounting of the nonaccessible 
fraction of open pores leads to higher estimates of pore closure 
time and lower estimates of conversion as compared to parallel- 
pore models. This discrepancy is found to incmase with an in- 
crease in the Biot number, a decrease in the coordination number 
of the porous network, and an increase in process time. 

INTRODUCTION rous medium. Several of these are characterized by a continuous 
alteration of the pore structure by virtue of physical changes- 
e. g., particle deposition in deep bed filtration (Tien and Pay- 
atakes, 1979) and fines migration in porous reservoirs (Gruesbeck 

Large classes of operations of engineering interest involve phys- 
icochemical interactions of a fluid with the solid surfaces of a po- 
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and Collins, 1982)-or chemical reactions-e.g., catalyst deacti- 
vation phenomena (Butt, 1972) and noncatalytic gas-solid reac- 
tions (Ramachandran and Doraiswamy, 1982). A particular fea- 
ture common to such processes is the reduction of the surface area 
available for fluid-solid interaction leading to a continuous de- 
crease of the capacity for flow, diffusion, and reaction, progres- 
sively laver rates of conversion efficiency, and ultimately to pore 
closure @lugging). 

The mathematical description of the process performance is 
considerably complicated due to the continuous evolution of the 
pore structure as a function of time. Of the various modeling at- 
tempts that have been made in the past, the majority are based on 
the description of the porous media in terms of simple geometric 
models-e.g., parallel pores (Ramachandran and Smith, 1977; 
Christman and Edgar, 1983) or solid (grain) particles of spherical 
shape (Szekely and Evans, 1970). Although correctly emphasiz- 
ing purely geometrical aspects of the porous structure such as pore 
size distribution, these models fail to properly account for impor- 
tant topological effects that govern adjacent pore interaction. 
Thus, despite a certain degree of success in predicting volume-re- 
lated aspects of the process, such as efficiency and pore blockage 
time, previous models are inherently inadequate in predicting the 
evolution in time of topology-related aspects such as effective dif- 
fusivity (for gas diffusion) and flow permeability (for fluid flow). 

Several studies conducted in the context of gasification of solids 
allow a more elaborate statistical representation of the pore struc- 
ture (e.g., Gavalas, 1980; Bhatia and Perlmutter, 1980). Hav- 
ever, a concrete elucidation of the important role of topology and 
connectivity in determining transport properties in porous media 
was only recently obtained in fluid flow in porous media studies 
associated with the enhanced recovery of oil. Using lattice and 
network representations, Scriven, Davis and co-workers (Larson 
et al., 1981a, b; Heiba et al., 1982, 1983, 1984; Mohanty et al., 
1982) have successfully applied concepts from percolation theory, 
originating from research in physics of hetemgeneous materials 
(Broadbent and Hammersley, 1957; Shante and Kirkpatrick, 
1971), to devise computationally simple schemes for the accurate 
prediction of transport properties in porous media. 

The objective of this paper is to implement a similar approach, 
based on network representation and percolation theory, in order 
to develop more highly accurate mathematical models for proc- 
esses that involve a continuous evolution of the pore structure. For 
purposes of illustration, the present investigation focuses on non- 
catalytic, gas-solid reactions that result in a continuous decrease 
of the pore size and ultimately lead to pore closure. Without loss 
in generality, we consider a local, representative element of the 

porous medium, within which the process is locally at the kinetic 
control regime. The results obtained can be incorporated in prin- 
ciple into a global, continuous model the parameters of which do 
not necessarily satisfy kinetic control limitations. On the other 
hand, if the process is globally at kinetic control, the ensuing 
results describe the global behavior of the process. A related appli- 
cation of the theory to deep-bed filtration is currently in p r o p  
(Sharma and Yortsos, 1984). Similar applications to other closely 
related processes, such as catalyst deactivation, appear to be read- 
ily implemented by direct extension. 

MATHEMATICAL FORMULATION 

Single-Pore Formulation 

We consider a local element of a porous medium exposed to a 
reactant gas at constant local concentration, C,,. By virtue of gas 
diffusion through the pores of the medium and the deposited solid 
product, the reactant gas participates in a chemical reaction with 
the original solid phase according to the scheme 

aA(g) + Ws) - cC(g) + dD(s) (1) 
Following previous formulation of noncatalytic gas-solid reac- 
tions using single-pore models (Shankar and Yortsos, 1983), the 
pore diameter r and the reaction interface rr associated with a sin- 
gle-pore of original size r, (Figure la), are determined in the limit 
of kinetic control as the solution of the dimensional equations 

(2) 

(3) 

(4) 

dr I? 
dt  G ( T Y 0 )  

rs = a + (1 - a)?.; 

r = r ,  ; t = O  

- (a - l)MDdCA K =  

- = - -  

subject to the initial conditions. 

In the above, k is the kinetic constant 

(5) (1 - C D h o  

the dimensionless parameter a > 1 expresses the ratio in molar 
volumes between deposited solid product and solid reactant 

and it has been tacitly assumed that the reaction follows first-or- 

‘f 
t- 
I 4  

( a  1 

Btthe Lattice, 2 = 3 

( b )  
Figure 1. (a) Single pore dimensions; (b) Network representation. 
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der kinetics. The latter assumption, although not restrictive, is 
convenient for a simplified description, and can easily be relaxed 
whenever appropriate. The dimensionless function G, reflects gas 
diffusion within the product layer and reaction at the reaction in- 
terface for two different pore geometries (s = 1, slab; s - 2, cy- 
lindrical) 

(7) 

Experimental determination of the kinetic ( K )  and diffusion (D,) 
constants completes the mathematical formulation in a single 
pore. 

Equations 2 and 4 specify a correspondence between T, T,, and 
t .  Integration of Eq. 2 determines the instantaneous radius T of a 
pore of original size r, 

and the associated time t p (T ,J  for the closure of a pore of size T,: 

(9) 

The last equation defines a one-to-one comspondence between 
time and original radius. In view of its monotonicity features, 
(Cs > 0), this functional relationship can be used to parametrize 
time in terms of a continuously increasing variable T, 

t - t p ( T i )  (10) 
For slab (parallel-plate) geometries (s = l) ,  Eqs. 8,9,  and 10 can 
be considerably simplified. After some algebraic manipulations 
we obtain 

To - T - Ti ; To > Ti (11) 

t - tp(Ti ) (13) 
Thus, at time t ,  defined by Eqs. 12 and 13, corresponding to a 
time when a pore of original size Ti is completely blocked, pores of 
original size T, > ri that are continuously reacting have radius 
given by Eq. 11. Similar expressions can also be obtained for cy- 
lindrical geometries. However, in view of the mathematical sim- 
plicity of Eqs. 11-13 we elect to consider parallel-plate geome- 
tries in the remaining part of this investigation. Extension to other 
pore geometries follows directly at the expense of somewhat 
lengthier calculations. 

Network Formulation 

Following Larson et al. (1981a), we next mume that the local 
porous medium element is originally represented by a three-di- 
mensional network or lattice configuration consisting of sites 
(pore bodies) and bonds (pore throats) of coordination number Z 
(Figure lb) . For the problem in consideration we assign negligible 
volume to sites and postulate bonds of constant length and a uni- 
form pore radius. An initial distribution function of pore radii, 
f(~), that can in principle be determined experimentally, is as- 
signed to the bonds of the network. Higher-order approximation 
models that allow for a distribution of pore lengths and include 
sites of nonnegligible volume can, of course, be similarly devel- 

At any time of the process parametrized by Eq. 13, the network 
oped. 

consists of three sets of pores: 
1. Pores that have completely reacted, are blocked, and do not 

participate in further reaction, of fraction X,.  
2. Pores that have partially reacted, are not blocked (open), and 

are accessible to gas diffusion and reaction, of fraction X, and cur- 
rent size distributionf,(r,r,). 

3. Pores that have partially reacted, are not blocked (open), but 
are inaccessible to gas diffusion and further reaction, of fraction 
X,, = 1 - X ,  - X u  and current size distnbutionf,,(r,r,). 

All fractions are defined based on the original number of open 
pores. By definition, pores belonging to set 1 have original pore ra- 
dius T, < Ti, pores in set 2 have original pore radius TO > T ~ ,  while 
pores in set 3 have original pore radius 0 < T, < co . The actual 
pore size distribution of each set can be calculated following the 
equations for the rate of pore size reduction (Eqs. 2-4). 

The determination at any time t of the fractions of the three sets 
of pores and their actual size distribution requires a differential 
approach, using population balances at each calculation step AT,. 
However, the fraction of open, accessible pores, X,, can be ob- 
tained directly by use of percolation theory as follows. At any 
stage T~ all pores of original size T, > T~ are allowed for occupancy 
by pores that have not completely reacted (become blocked). The 
fraction allowed for occupancy is 1 - X ,  where 

The actual fraction of open pores that are accessible (set 2) is then 
given by the accessibility function of the networkXA, evaluated at 
the fraction 1 - Xi  

x,  = XA(1 - X i )  (15) 
The accessibility function X A ( p )  can be calculated exactly for Be- 
the tree lattices, given the fraction of bonds allowed for occu- 
pancy p and the lattice coordination number Z (Fisher and Es- 
sarn, 1961). Approximate expressions for X A ( p )  for other lattices 
are obtainable from effective medium theory (Kirkpatrick, 
1973), when p is close to 1, and from scaling theory (Stauffer, 
1979), when p is close to the percolation threshold, p,. The latter 
denotes the minimum value in the fraction of pores allowed to be 
open for the existence of a nonzero fraction of accessible open 
pores X A ( p ) .  Previous theoretical work and extensive Monte Carlo 
simultations have established with considerable accuracy the fol- 
lowing dependence of p ,  on Z and the dimensionality of the lat- 
tice D 

for 1 - D lattices 
for lattices of dimension D (16) 

p ,  = I ”  (D - l)Z 

for Bethe trees 
1 

Typical accessibility functions for a Bethe tree lattice are shown in 
Figure 2. 

Following the above premises, the time t,* when reaction ceases 
and the local porous medium element is completely blocked is ob- 
tained from the equation 

1 - x i -  P< (17) 
which in view of Eqs. 13 and 14 occurs at the critical radius r: 

r m  

t p  = t p ( T i )  (19) 

Quantities of interest associated with the pore structure such as 
conversion, accessible surface area and volume, and effective dif- 

Page 48 January, 1986 AlChE Journal (Vol. 32, No. 1) 



X A 

1.0 

0.9 

0.8 - 
0.7 - 
0.6 - - 
0.5 - - 

1 1 1 1 1 1 1 1 1  - - 
- 
- 

0.4- - 
0.3 - 
0.2 - - 
0.1 

0.0 

- 

- - 
r ' l l l l l  I l l  

0.0 0.2 0.4 0.6 0.8 1.0 
P 

Figure 2. Typical accessibility functions for Bethe lattlces. 

fusivity can be calculated at any time as shown in the following 
sections. 

Population Balances 

r < A ri are blocked; thus they are transferred to set 1 
At step Ari all pores belonging to set 2 of current radius 0 < 

Xa fa (o,Ti)ATf (20) 
By virtue of connectivity, at the completion of step Ari some pores 
of set 2 become disconnected; thus they are transferred to set 3. 
This process is assumed to occur randomly, and therefore the pore 
size distribution of the differential set being removed is fn(r,ri). 
The respective population balances for sets 1 and 2, and 3 can 
now easily be derived. We obtain in differential notation 

It should be noted that Eq. 28 is not linearly independent, as it 
can be obtained from integration of Eq. 21 and use of the rela- 
tionship 

x e  + x", + x b  = 1 (24) 

We next proceed for the evaluation off,(r,ri). Using Eq. 11, Eq. 
21 becomes 

(25) 

An analysis of Eqs. 25 and 26 reveals that the solution for fa is of 
the separable form 

f(r i- Ti )  O(Ti) (27) 
where 0 is a function of r, (Appendix). The latter can be readily 
obtained from Eq. 2612. We obtain 

In view of Eq. 28, the population balances, Eqs. 21-23, are modi- 
fied to the following equations 

Integration of Eq. 29 yields the fraction of pores that have com- 
pletely reacted at stage Ti 

X b  = r(1 - X i )  dXi 
1 - xi 

As anticipated, due to network accessibility the number of com- 
pletely reacted pores is less than the number of completely reacted 
pores when all pores are accessible, Xi,  in contrast to what is typi- 
cally assumed in previous parallel-pore models.. (Note that 
XA(p) < p ) .  Typical plots of Xb vs. Xi  are shown in Figure 3 for 
Bethe tree lattices of different coordination numbers. The evolu- 
tion in time of x b  can readily be constructed by making use of Eqs. 
12-14. 

RESULTS 

Plugging Time 

Using Eqs. 12 and 13 we obtain 
The calculation of plugging time t,' is based on Eqs. 18 and 19. 

2D,(a - 1) 
* 1  

t ,  - - [ T i  K (Ti) '  

For convenience in presentation we compare t: to the plugging 
time 5 of an idealized porous network that consists of identical 

=b 

Xi 
Flgure 3. Fraction of completely blocked pores. 

AlChE Journal (Vol. 32, No. 1) January, 1986 Page 49 



pores of original size equal to the average original pore size c. By 
construction, all pores of the idealized network are accessible at 
any time, thus 

It should be noted that use of a variable pore size distribution in 
the parallel pore model, although feasible, would result in a plug- 
ging time obtained by Eq. 33 with the highest radius of the distri- 
bution T,,, replacing T,,. As this time becomes infinite in the fol- 
lowing special cases, we elected to normalize our results on the 
basis of a parallel-pore model of_uniform original size. We next 
define a modified Biot number, Bi, based on the average original 
pore size 

Comparison of Eq. 32 and 33 results in the expression 

. 2 2  + Bi 2 
- t ,  = r :  2 + w  -[::I2 (35) 
t P  

For values of coordination number typical of porous media (large 
Z ) ,  we readily obtain T: > T;;. Thus Eq. 35 predicts an actual 
plugging time that is larger than the plugging time obtained for 
an always accessible porous network. The discrepancy increases 
with an increase in the average Biot number. This discrepancy, 
which is a manifestation of topology and geometry effects, is illus- 
trated in the following special cases. We consider Poisson, Gaus- 
sian, and Rayleigh original pore size distributions: 
Poisson Distribution 

We have 

~ ( T J  = pe-"", (36) 
- 1  r, = - 

P 

Solution o 'Eq. 18 determines the critical radius rp: 

(37) 
1 
P 

ri = - - In  p ,  

Substitution of Eq. 37 into Eq. 35 results in 

The ratio in plugging times is plotted in Figure4 as afunction of 2 
for a Bethe tree lattice for various values of Bi. For Z > 
1 + e = 3.7 the actual plugging time t,* is larger than F,, and in- 

creases with an increase in a. For high coordination numbers Z, 
representing highly branched porous media, the actual plugging 
time is two- to threefold greater than the plugging time based on 
the average pore size. 
Gaussian Distribution 

We have 

- 
r o  = P 

The critical radius r: is determined from the solution of the equa- 
tion 

a I- 
\ 

a 
c 

2 
Figure 4. Ratio of plugging times for Poisson distribution. 

For any values of p ,  Eq. 40 predicts T,* > <. In the limit of small 
values of standard deviation u - 0 (single - size distribution) Eq. 
40 yields the correct limit r: - r,,, t,* - t,,, as expected. The ratio 
in plugging t i ies  is plotted in Figure 5 as a function of Z for vari- 
ous values of Bi and the ratio u/p. It is evident that the d@ation in 
estimating plugging time increases with an increase in Bi and the 
standard deviation u. 

1 1 1 1 1 1 1 1  I 1  I I I 1  

7t 

CL I+- 
\ 

CL 
c 

"0 2 4 6 8 10 12 

2 
Figure 5. Ratio of plugging tlmes for normal distribution. 
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Rayleigh Distribution 

We consider the distribution 

- 
T , = a + *  

2v5 

Solution of Eq. 18 defines the critical radius r: 

For values of p ,  < e- = 0.4559, the deviation inJhe estimate 
of plugging time increases with an increase in 2, Bi, and a de- 
crease in the value of afi(Figure 6). Note, however, that in this 
case the magnitude of deviation is smaller than in previous distri- 
butions. - In the limit p -  03 (single pore size distribution), 
t,* - tp, as anticipated. 

Conversion 

At any stage during the reaction process, conversion of the solid 
reactant occurs on pores that are open and accessible to gas diffu- 
sion (Set 2.) 

Following the preceding formulation, the set of such pores has 
fraction XA and consists of pores of original radius T, > r,. At an 
increment of time At, or equivalently at an increment Ari, the re- 
action interface of such pores recedes by ArP For a parallel plate 
(slab geometry) model we obtain from Eqs. 3 and 11 

 AT^ = - (a -    AT = (a -  AT( (43) 

The corresponding increase in conversion A R (in madoriginal 
volume) from all pores belonging to this set is 

AR - C XA(l - X,)Ari (44) 
where the constant C is related to the original specific surface So 
by 

SOPp 
C=----- 

2(a - 1) (45) 

Integration of Eq. 44 results into 

4t 1 

Z 
Figure 6. Ratio of plugging tlmes for Rayleigh distrlbutlon. 
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/ - 

0.0 Q2 0.4 0.6 0.8 1.0 1.2 

'i 

Figure 7. Normalized conversion, accessible surface area, 
volume, and eff ectlve dlfussivity for Rayleigh distribution 

(a = 0), 2 = 6, plotted vs. rb 

R = c I r i x y l  0 - Xi)&, (46) 

For convenience we normalize conversion by the conversion R of 
the idealized porous network. Since all the pores of the latter are 
always accessible we have 

thus 

(47) 

Plotted in Figures 7-10 is the normalized conversion as a function 
of T,, calculated for a porous network consisting of a Bethe tree lat- 

Figure 8. Normalized conversion, accessible surface area, 
volume, and effective difussivity for Rayleigh distribution 

(a = l), Z = 6, plotted vs. rb 
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Figure 9. Normalized conversion, accessible surface area, 
volume, and effectlve difusslvity for Raylelgh dlstrlbutlon 

(a = 0), Z = 12, plotted vs. r, 

tice with a Rayleigh original pore size distribution, for different 
values of the coordination number. Note that radius r, and the 
cutoff radius in the Rayleigh distribution are made dimensionless 
with the characteristic length l/&. As anticipated from Eq. 48, 
the conversion is consistently lower than the conversion obtained 
for the idealized porous medium. Conversion efficiencies are 
lower for lower values of the coordination number (compare Fig- 
ure 7 to Figure 8, and Figure 9 to Figure lo), for smaller a&- 
ble fractions, and for original pore size distributions that contain 
a larger fraction of smaller pore sizes (compare Figures 7 and 8 to 
Figures 9 and 10). Conversion at early stages of the process is close 
to the conversion in the idealized porous medium, due to a 
smaller fraction of nonaccessible pores at early times (XA(1 - 
Xi) = 1 - X i ) .  The discrepancy is progressively pronounced at 

later stages in the reaction process. The effect of Biot number, ab- 
sent from q vs. ri plots, is introduced when conversion efficiency is 
plotted vs. time, made dimensionless by normalizing with the 
characteristic time KD,, (Figure 11). We notice a continuously 
increasing deviation from the idealized network predictions for 
increasing values of the Biot number. 

0.0 0.4 0.8 1.2 1.6 2.0 2.4 

0.1 - 
0.0 ' I I ' ' 

0.0 0.4 0.8 1.2 1.6 2.0 2.4 

r .  I 

Figure 10. Normalized conversion, accessible surface area, 
volume, and effectlve dlfusslvlty for Rayleigh dlstrlbution 

(a = 1), Z = 12, plotted vs. r, 

'0 

Figure 11. Normalized conversion for Rayleigh dlstrlbutlon 
vs. time. 

Surface Area and Valurne 

Quantities related to the fraction and size distribution of open, 
accessible pores are calculated based on knowledge of the actual 
pore size distribution, fa. Open, accessible pores have original 
pore size r,, > r,. In view of Eq. 27 the accessible surface area for 
parallel-plate pore geometry becomes 

(49) s(r,)a xA(l - x,) f,(r,ri)dr I" 
thus, the ratio of accessible surface area to original surface area 9 
is 

A similar expression can readily be derived for the accessible vol- 
ume 

Schematic illustrations of the evolution of the accessible surface 
area and volume for a Rayleigh distribution as a function of the 
coordination number are shown in Figures 7-10. A higher rate of 
decrease is shown to result for lower values of 2. As expected, the 
accessible surface area and volume reduce to zero as closure time 
is approached. It should be noted that for the parallel-plate pore 
model, S / S o  remains constant in the absence of blocked pores 
(Figures 9, 10). 

Effective Diffusivity 

In calculating effective diffusivity we assume for simplicity 
that the conductance of a single pore is related to its size by the re- 
lationship g 0: r. Other functional forms, including Knudsen dif- 
fusion, can also be considered, as desired. Following Stinchcombe 
(1974), the effective conductance&,, of a Bethe tree lattice at high 
values of Z is obtained from the equation 

g,a - Z x  

wherer is the root of the integral equation 
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For a network consisting of a set of blocked pores of fraction XI,, 
and a set of open pores of fraction 1 - X b  the conductance distribu- 
tion G(g) is given by the equation (Heiba et al., 1982) 

G(g) = xb6(g)  + - xh)g (g )  (54) 

where S(g) is the conductance distribution function of the open 
pores. The latter is calculated as a function of the pore size distri- 
butions f, jm 

%&-&! 

(55) 
Substitution of Eq. 55 in Eqs. 54 and 53 results in an integral 
equation for x ,  the solution of which is obtained by standard nu- 
merical techniques. The evolution of the effective diffusivity nor- 
malized with respect to its value at the beginning of the process is 
obtained from the relationship 

Numerical results for the normalized effective diffusivity are 
shown in Figures 7-10 for various coordination numbers and 
original pore size distributions, and in Figure 12 for various values 
of the Biot number. A monotonic decrease of the effective diffu- 
sion coefficient is noted as the reaction extent increases. The effect 
of the pore structure parameters and the Biot number, based on 
product layer diffusion, is similar to the effect on conversion. 
Near pore closure time the effective diffusion coefficient rapidly 
approaches a negligibly small value, as intuitively expected. 

Global Formulation 

The above results, valid for a differential element under kinetic 
control, are also globally valid if the porous medium is globally 
under kinetic control. If the latter restriction is not applicable we 
can incorporate the previous analysis into a global mathematical 
model as follows. 

When the process is not kinetically controlled the local concen- 
bation CA is a function of time. From the definition of the pa- 
rametrization function, Eq. 10, we have 

10 
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Figure 12. Normalized effective diffuslvlty for Rayleigh dis- 

tribution vs. time. 

(57) 

where X is a kinetic constant. Following integration of Eq. 57 we 
obtain in functional form 

Therefore, the effective diffusivity Deff is a unique function of the 
CAdt (compare to Eq. 56) 

(59) 

The differential conversion dR is a measure of the reaction rate 
for gas A. Using Eqs. 44 and 57 we write in general notation 

0 

where the reaction rate function U can readily be calculated in 
terms of the accessibility function. 

We now insert expressions 59 and 60 into a global differential 
m a s  balance. Following the quasisteady-state assumption we get 
in terms of global coordinates 

The integration of Eq. 61 can be performed most conveniently by 
using the representation 

v ( D e f f ( u ) v c A )  = u(u)cA (62a) 
au 
at C A  
- -  

Those expressions allow for the effective diffusivity to vary during 
the course of the reaction in a manner that reflects the topology 
and geometry of the porous medium. Numerical solution tech- 
niques for Eq. 62 have been devised in the past for arbitrary po- 
rous particle geometries. In the case of slab particle geometries we 
obtain 

au 
at C A  - =  

Analytical solutions in the limit of global diffusion control for the 
above equations have been developed by Yortsos and Shankar 
(1984). 

DISCUSSION 

In this paper a mathematical formulation for noncatalytic gas- 
solid reaction processes that lead to pore closure has been pre- 
sented. Central in the theoretical development is the representa- 
tion of the porous medium in terms of network approximation. 
Using concepts from percolation theory, a theoretical framework 
for the determination of the evolution in time of process quanti- 
ties, such as conversion, accessible surface area, and effective dif- 
fusivity, has been constructed. The analysis is based on the hy- 
pothesis of kinetic control in a local, representative element of the 
porous medium. For reaction conditions such that the porous me- 
dium is globally in the kinetic control regime, the expressions ob- 
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tained represent the global behavior of the process. When this 
constraint is not satisfied, a suitable global model was developed 
by relating local conversion and local diffusion coefficient to the 
state of the local model. The network formulation presented here 
allows for direct calculation of the effective diffusivity, which was 
found to decrease with an increase in process time. It should be 
pointed out that most of the existing mathematical models postu- 
late either a constant diffusion coefficient or some a priori reIation 
between diffusion coefficient and porosity, a limitation that is ex- 
pected to result in additional overestimation of conversion effi- 
ciency. 

The theory was developed under certain simplifying approxi- 
mations, such as Bethe lattices, parallel-plate pores, and assign- 
ment of neghgible volume to sites, in order to obtain computa- 
tionally simple expressions. Relaxation of these approximations 
can easily be implemented for a particular system of interest at 
the cost of more elaborate calculations. We anticipate that the 
theory can be extended directly to apply to closely related pm- 
cesses, such as catalyst deactivation and deep-bed filtration. On 
the other hand, the above formulation cannot be applied in its 
present form to gasification type reactions when the radii of the 
pores increase with process time. In these processes additional ef- 
fects, such as pore overlapping, may not be amenable to a simple 
mathematical treatment using percolation theory concepts. 

It was shown that neglecting topologically important quanti- 
ties such as the nonaccessible fraction of open pores results in 
lower estimates of pore closure time and higher estimates of con- 
version. The discrepancy of the above predictions to those ob- 
tained by parallel-pore models of constant radius was found to be 
increasing with an increase in the Biot number, based on product 
layer diffusion, an increase in process time, a decrease in the coor- 
dination number, and an increase in the standard deviation of the 
pore size distribution. This comparison was made for the purpose 
of illustrating the effects of topology on the reaction performance. 
No comparison was attempted with the distributed pore size 
model of Christman and Edgar (1983), or the random pore 
models of Gavalas (1980) and Batia and Perlmutter (1980). How- 
ever, since the latter works do not address the question of network 
accessibility, we anticipate a discrepancy that would be larger as 
the coordination number decreases. 

The theory presented here can be used to model the perform- 
ance of a noncatalytic gas-solid reaction process leading to pore 
closure, given the true pore size distribution, the coordination 
number of the porous medium, and the Biot number. Conversely, 
the expressions derived can be utilized to estimate process param- 
eters, such as the kinetic constant or the diffusion coefficient in 
the product layer, an a priori estimate of which is not readily 
available. 

NOTATION 

b = stoichiometric coefficient, dimensionless 
Bi = Biot number, dimensionless 
C, = gas concentration, m0ll~3 
d = stoichiometric coefficient, dimensionless 
D = dimensionality, dimensionless 
D, = product layer diffusivity, L21T 
D,, = effective diffusivity, L*/T 
f = distribution function, L-' 
g = conductance,L2/T 
K = reaction constant, LIT 
M = molecular weight, M/mol 
p ,  = percolation threshold, dimensionless 
r = pore size, L 
r, = reaction interface, L 
R = conversion, M/L3 

s = geometryindex 
S = surface area, L2 
t = time, T 
V = molar volume, L3h0l 
X = pore fraction, dimensionless 
2 = coordination number, dimensionless 

Greek Letters 

(Y = parameter, dimensionless 
e = porosity, dimensionless 

e = density,M/L3 

Subscripts 

a = accessible 
b = blockedpores 
eff = effective 
i = parametrization index 
na = nonaccessible 
o = original 

= normalized conversion, dimensionless 

p = poreclosure 

Superscripts 

A = accessibility 
o = original 

APPENDIX 

We consider the population balance equation 

and introduce the coordinate transformation y = r + ri, 
x = rl. By denoting A = X,, B = X,,, Eq. A1 becomes 

which, if integrated with respect to x yields 

0 
By denoting 

Eq. A3 is 

0 

By differentiating Eq. A5 with respect to y and denoting 

Eq. A5 yields 

0 
which implies 

I(Y,x') = F(x,x') I(y,x) (AS) 
where F is arbitrary. Integration of Eq. A8 with respect to y 
and use of Eq A6 yields 
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L(y,x’) = F ( x , x ‘ )  L(Y,x) + H ( x , x ‘ )  649) 
Evaluating Eq. A 9  at x’ = 0 and making use of Eq. A4 and the 
condition f,(y,O) = f(y) we obtain 

F(x,O) L(y,x) + H(x,O) - 1 ( A W  

U Y J )  - ( A l l )  

( A W  

6413) 

which further implies 

Thus, by Eq. A4 we finally recover 

fa(Y - w) = f(Y) fw) 

f.(r>ri) = f(r + Ti) 0 (Ti) 

or, in terms of the original variables 

as postulated in the main text. 

pore geometries involving general functional forms G&;ro). 
A similar approach also holds for other than parallel-plate 
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